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ABSTRACT 

In this paper we give some results about the approximation of a Lipschitz 
function on a Banach space by means of A-convex functions. In particu- 
lar, we prove that the density of A-convex functions in the set of Lipschitz 
functions for the topology of uniform convergence on bounded sets char- 
acterizes the superreflexivity of the Banach space. We also show that 
Lipschitz functions on superreflexive Banach spaces are uniform limits on 
the whole space of A-convex functions. 

0. I n t r o d u c t i o n  and  n o t a t i o n s  

A f u n c t i o n  def ined  on  a B a n a c h  space  X is ca l led  A - c o n v e x  if i t  c an  be  e x p r e s s e d  

as a d i f fe rence  of  con t i nuous  convex  func t ions  or, equ iva len t ly ,  if  i t  b e longs  to  t h e  

l inear  s p a n  of  t h e  c o n t i n u o u s  convex  func t ions  on X .  T h e  p u r p o s e  of  th i s  p a p e r  is 

to  give s o m e  neces sa ry  a n d  suff icient  cond i t i ons  for t h e  a p p r o x i m a t i o n  of  L ipsch i t z  

f u n c t i o n s  by A - c o n v e x  func t ions .  T h e  in i t ia l  m o t i v a t i o n  for ou r  w o r k  c o m e s  f r o m  

two recen t  a r t ic les  of  R.  Devi l le ,  V. Fonf  and  P. H~jek  ([DFH1] and  [DFH2]) .  

A c o n s e q u e n c e  of  t he i r  resu l t s  is t h a t ,  u n d e r  c e r t a i n  cond i t i ons  on  t h e  B a n a c h  

space  X ,  a n y  c o n v e x  f u n c t i o n  on X which  is b o u n d e d  on  b o u n d e d  se ts  can  b e  

a p p r o x i m a t e d  by  s m o o t h  convex  funct ions .  I t  is t he re fo re  n a t u r a l  to  cons ide r  t h e  
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class of Banach spaces for which the A-convex functions are dense in the class of 

Lipschitz functions in order to extend this property of smooth approximations. 

Our main result is the following characterization of superreflexivity. 

THEOREM O: Let X be a Banach space. Then X is superreflexive if  and only if  

every Lipschitz function on X can be approximated uniformly on bounded sets 

by differences of convex functions on X which are bounded on bounded sets. 

A consequence of Theorem 0 is that the above mentioned approach does not 

provide any new result, because it works only for superreflexive spaces (for which 

the smooth approximation property is known using the existence of partitions of 

unity, see Ch. VIII of [DGZ]; for the analytic approximation case, see [K]). 

For the superreflexive case, we give explicit formulas for the A-convex approx- 

imation of a Lipschitz function. These formulas, which are simpler than those 

from [St], also provide uniform convergence on the whole space X. Specifically, 

the degree of convergence given by our formulas relies directly on the rotundity 

of the equivalent norm that is used. Similar ideas in this direction can be found 

in [A] and [PVZ]. 

We thank P. H£jek for bringing to our attention the link between our work 

and the d i s t o r t i o n  t h e o r e m  (see [OS] for definitions and details). Our results 

provide simple formulas for deducing, on minimal superreflexive Banach spaces 

(such as gp, 1 < p < c~), the existence of a convex function which is not oscillation 

stable from the existence of a Lipschitz function which is not oscillation stable. 

Let us fix some notation used in this paper. For a real Banach space X, we 

denote an equivalent norm on X by [[. [[ and by B x  its closed unit ball under 

this norm. By convex function we will always mean continuous convex function. 

We will consider two fundamental topologies on the set of continuous functions 

defined on X: ~-~ (respectively %) is the topology of uniform convergence on 

compact sets of X (resp. uniform convergence on bounded sets of X). 

The m o d u l u s  o f  c o n v e x i t y  of the norm [] • [[ defined by 

5 1 1 . 1 1 ( ~ ) = i n f { 1 - ~ - - ~  :x,  y E B x ; I ] x - Y l l > _ e }  ( 0 < e < 2 )  

is called o f  p o w e r  t y p e  p (p _> 2) if 511.11(e ) _> Ke p, for some K > 0. 

The concept of d y a d i c  t r e e  will play an important role in the second part of 

this work. Our trees are geometric trees contained in X and defined as follows. 

The symbol a denotes a multi-index a = (a1"~2"-'...'-~n) E {--1, 1} <N and 

]a] := n. For n E N, a dyadic (n, 0)-tree T i n  X is a s e t  of the form {x~ E 

X: a E {--1, 1} <n } satisfying the following two conditions: 

! x  + Ix  for all [a[ < n. (1) x . = 2  ~ 1  2 ~-~1' 
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(2) [ I x , - x ~ , f l  > 0 > 0 ,  for a # ~ ' .  

The point x z  will be called the r o o t  of the tree T. 

1. The  posi t ive  results  

THEOREM 1: Let (X, I1" II) be a Banach space. The norm I1" H is locally uniformly 
convex (respectively uniformly convex) if and only if the following property holds: 
for every Lipschitz function f on X,  the sequence of functions (fn)n~N defined 

by the formula 

fn(x) := inf ~f (y)  + n(211xll 2 + 211yll 2 - I Ix  + yll ~)) (n c N, x • x )  
y G X  t ) 

is T~-converging (resp. Tb-conuerging) to f . 

Remark: For any function f on X and n • N, the function f~ defined as above 

is a A-convex function. This follows immediately from the decomposition f~ = 

cn - d~, with cn(x) := 2nllxll 2 and 

d~(x) := sup {n]lx + y]l 2 - 2n]ly]l 2 - / ( y ) }  (x • X).  
y G X  

The functions c~ and d~ are clearly convex. 

Proofo[ Theorem 1: Let us see first that  the property is necessary. So, let f be 

a Lipschitz function on X. We have to show that  the previously defined sequence 

(f~)~eN (~-g or U)-converges to f if the norm ll' l[ satisfies the corresponding 

rotundity condition. 

We begin with the following general result: 

Fact: For any point x • X ,  (f~(x))neN is an increasing sequence bounded above 

by f (x) .  

This Fact follows immediately from taking y = x in the fn ' s  infimum formula 

and from the inequality 

2llxll ~ + 211vii ~ - IIx + vii z _> 211~11 = + 2Hyll = - (llxlL + Llvll) ~ 

(a) = ( l l x l l -  Ilyll) 2 > 0. 

Since for K C N we have that  
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the previous Fact allows us to suppose without loss of generality tha t  the Lipschitz 

constant  of f is le~s than  1 ( i.e. I f ( x )  - f ( y ) ]  < IIx - Yll for all x, y E X).  
We need to s tudy the infimum formula defining fn at a point x E X. Thus, 

consider any point y for which we have 

(2) f ( y )  + n(211xll 2 + 21tyll 2 - IIx + yl[ 2) < f ( x ) .  

As f is 1-Lipschitz, we deduce from (1) and (2) 

(3) n()lx]] - ]lyl]) 2 __< n(2]lx]] 2 + 211yll u - IIx + yil u) ~ f(x) - f ( y )  <_ ilx - y]l. 

This last condition gives a relation between the norms of x and y. Actually, 

t[Yll can be controlled by Itxll in the following way. Suppose tha t  IlYll >- 1 + Ilxll; 

then by (3) we get 

(4) 1 < II ,x ,I-  IlYlII -< ( l lx l ] -  IlYlI) 2 <- l l l x  - Yll-< lllx]l + ll[Yll'n 

And we conclude for n >_ 3 tha t  

n + l  
Ilyll -< ~ -~_  ~llxll _< 211xll. 

Therefore, we see tha t  if y satisfies (2) and n _> 3 then 

(5) llYll -< 2(1 + IIx]i). 

Then,  for n _> 3 we deduce 

(6) f n ( x )  = inf { / (y )  + 2nl]x][ 2 + 2nllyll  2 - n l l x  + yll2}. 
Jlyli<_2(l+ll~[I) 

In particular, the boundedness on bounded sets of f~ (and, consequently, of 

d~ -- cn - fn) follows immediately. 

Moreover, if y satisfies (2) for n >_ 3 the upper bound on IlYll given by (5) 

together with the condition (3) give 

(~) 0 <_ ~tI~IL ~ + ~lL~ll ~ -  LI~ + ~Lt ~ <_ ! l l x - ~ l l  ~ lll~ll + lll~LI-< ~(~ + IL~ll) 
n n 

The condition (7) gives the crucial step of the proof. In fact, if the norm ]1 " I] 

verifies one of ' the rotundi ty properties stated in the theorem, then by (7) n can 

be chosen big enough to necessarily enforce y to be close to x. Therefore, f n ( x )  

must  be close to f ( x ) .  Let us justify this assertion. 
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Suppose that  the sequence of functions fn is not compactly converging to f .  

Since the sequence of A-convex functions (fn)n is increasing and f is continuous, 

Dini's theorem tells us that  m~-convergence of f,~ to f is equivalent to the point- 

wise convergence. Then, there exists a point x0 e X such that  (fn(xo))~ does 

not converge to f (xo) .  
As (fn(XO))n is increasing, there exists some c0 > 0 such that  for any n E N 

we have fn(xo) +Co < f(xo) .  By definition of fn,  we can find a sequence of (Y~)n 

in X so that  

(8) fn(xo) + Co < f(Yn) + 2nllxoll 2 + 2nllYnll 2 - nllxo + Y,~II 2 + co <<_ f(xo) .  

Since f is 1-Lipschitz, we get from (8) 

(9) liXo - -  Ynll >-- f(Xo) - f(Yn) >- CO > O. 

Since y~ verifies the condition (8), it follows from (7) that  we have 

(10) 0 _~ 211xoll 2 + 21ly~ll 2 - llxo + y~ll 2 _~ 3(1 + Ilxoll) n_~<>o> o. 

But (9) and (10) show that  the norm I1" II cannot be locally uniformly convex at 

xo (cf. Ch. II. Prop. 1.2 of [DGZ]). Tha t  proves the compact convergence of f,~ 

to f if the norm II " II is locally uniformly convex. 

A simple proof of the uniform convergence of the sequence f~ in the uni- 

formly convex case follows the same lines. We will give later a direct quanti tat ive 

approach (see the proof of Theorem 3). If the sequence f~ does not converge uni- 

formly on a bounded set of X, there is an Co > 0 and a bounded sequence (x~)n 

so that  fn(xn)  + Go < f (x~) ,  n E N. Then, for each x~ (n E N) we can choose 

y~ verifying 

(11) f(Yr~) + 2n l l x ,~ l l  2 + 2 n l l Y ~ l l  2 - n l l x ~  + y n l l  2 + So _< f ( x~) .  

Similar reasonings as before imply from (11) that  the next two statements are 

fulfilled: 

(12) 

(13) 

IIx~ - y~LI ~ f ( xn )  - f(Yn) >>_ CO > 0, 

_< 21txnLI 2 + 211y~tl 2 - NXn + y,~LI ~ < 3 ( 1  + IIx~ll) 0 
n 

We have 

[im 3(1+ [Ix~ll) = 0 
n-~c~ n 

>0. 
n - - ~  c o  
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since the sequence (x~)~ is bounded. Moreover, since each Yn satisfies (11) then 
(5) implies that  the sequence (y=) is also bounded. Therefore, (12) and (13) show 

that  the norm [[" [[ cannot be uniformly convex (cf. Ch. IV Lemma 1.5 [DGZ]). 

The necessity of the property is proved. 

Conversely, the property stated in the theorem is sufficient. We first show that  

the property of compact convergence implies the following claim. 

CLAIM 1.1: For any sequence (X,)ner ~ C X and any point Xo E X ,  the condition 

limn-~o~ (2[[x0[[ 2 + 2[[Xn[[ 2 -- [IX0 + Xn[[ 2) = 0 implies d(x0, (x~)~) = 0. 

Since Claim 1.1 is also valid for any subsequence of the given sequence (x~),~, 

we can strengthen the conclusion of the claim to limn-+oo [[Xn - x0][ = 0 and the 

locally convexity of the norm II " II is verified (cf. Ch. II. Prop. 1.2 of [DGZ]). 

Proof of Claim 1.1: Consider the Lipschitz function g(x) = d(x, (xn)~), x E X. 

For x0 E X and ¢ > 0, the pointwise convergence of the sequence (g~)n to g at 

x0 tells us that  there exists N~ E N so that 

(14) d(x0, (xn)~) = g(xo) < inf {g(y)+N~(2][x0[I 2 +2llyl[ 2 -][x0 + yl[2)} +~. 
- -  y E X  

Using g(x,~) -- O, we can evaluate the inequality (14) at y = xn (n > Ne) and 

deduce 

d(x0 ,  < ( 21Ix011 + 211x.tl 2 - II 0 + 2) + = 

Therefore, d(x0, (xn)n) = 0 and the claim is proved. 

If the property of uniform convergence on bounded sets of X holds, the next 

claim, analogous to the previous one, also does. 

CLAIM 1.2: Let (Xn)ne N and (Yn),~eN be two bounded sequences in X such that 
limn-~c¢ (2[]Xn[[ 2 + 2[[yn]] 2 - ]]xn + yn][ 2) = 0. Then limm-~c¢ d(ym, (Xn)n) = O. 

Proof of Claim 1.2: As before, consider the Lipschitz function d(., (x~)~) and 

¢ > 0. This time, the property of uniform convergence gives a positive integer 

Ne so that  for all m C N the next inequality is satisfied: 

(15) d(ym, (x,,),) < inf {d(z, (xn), 0 + N~ (21[z[[ 2 + 2[[ym[[ 2 -  [[z + ym[[ ~) } + e. 
- -  z E X  

Taking z -- xm in the infimum of (15) we obtain 

d(ym, (x~)~) _< N~(2[[Xmll 2 + 2[[yml[ 2 -- [[Xm + y,~[[2) + E < 2~, 
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for m large enough, and the claim is proved. 

In order to finish with the  proof, we shall show tha t  the validity of Cla im 1.2 

implies t ha t  the norm I1" ]] is uniformly convex. If  not (cf. Ch. IV L e m m a  1.5 

[DGZ]), there  exist two bounded  sequences (Xn)~e~ and (Yn)~eN in X satisfying 

(16) 

nlirnoo (21[Xn[I 2 + 2[lyn[[ 2 -- I[Xn + ynl[ ~) = 0 and [[Xn - Yn[I -> 1 (for all n E N). 

First ,  the  norm [1" [[ is locally uniformly convex (since Claim 1.1 clearly holds). 

I t  follows tha t  the sequence (Xn)n has no norm cluster point.  Indeed,  if for some 

x0 E X there  exists (xnk)k ~ X0, then 
k 

l i m  211xotl 2 + 2flYnk II 2 - tlxo + yak If 2 = l i m  211x0fl 2 + 211x~  II 2 - Jl*o + xn~ II 2 = 0 
k~oo  k--+oo 

and therefore (Y~k)k --+ X0. A contradict ion with the fact ]]x~ - y~]] _> 1, for all 
k 

n • N, of (16). 

Hence, passing to a subsequence, we can suppose tha t  for some 1 > a > 0 we 

have t ha t  IIx,~ - Xm[I > a, for all n ¢ m .  Now, we need the following technical 

lemma,  whose proof  will be  given later. 

LEMMA 1.3: Let  (A~)neN C [0, 1], and (Xn)neN, (Yn)neN be two bounded se- 

quences in X so that  21tXn[12 + 2[lynl[2 -1[xn + y~[I 2 ~ 0. Then the sequence 
n -+ oo 

of convex combinations z~ = A~xn+ (1 -An )yn  (n • N) satisfies 2[IxnH2+2[[z~[[ 2 -  
t fx .  + z ~ l ?  ~ o. 

For any n • N, take 0 _< An _< 1 such tha t  for z~ := Anxn + (1 - ~'~)Yn we 

have ]lXn - znll = a / 2 .  Then,  L e m m a  1.3 and Claim 1.2 used joint ly imply  

tha t  limm-~o~ d(zm, (x~)) -- 0. But,  I]Xn -- Z~II ---- a / 2  > 0 and also for n ¢ m 

Ilx,~ - zmI[ >_ IIxn - xml[ - IiXm - Zmll >_ a - a / 2  = a / 2  > 0, a contradict ion.  
| 

P r o o f  of  L e m m a  1.3: By the inequali ty 

(17) 0 _< ([[x~[I - [lynll) 2 _< 2[]x.lI a + 2{[ynII 2 - Ilxn At- Yn[I  2 ) O, 

we have 

lim ( [ Ixn l l -  IlYnll) = 0. 
n --~ o o  

Since the  sequences (x~)n and (Y~)n are bounded  we also have 

(18) l i m  (lIx~ll 2 - I Iyn l l  2) = 0. 
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But  then  we deduce from (17) and (18) 

(,, (19) lim x ,  II 2 - = " ynl[ 2 - = O. 
n-+oo 

On the other  hand, using the convexity of the function [1" 1[ 2 we get the 

following general lower est imate for 0 < A < 1: 

>_ x + y  2 
+ (1 -  )yll 2 - 5 -  

Pu t t i ng  (17), (18), (19) and the last inequality together,  we obtain 

0 <_ 211x~ll 2 + 21[Znll 2 -- IIX~ + Z~l{ 2 

= 2]lXn]] 2 + 2]]A~X,~ + (1 -- An)y•l] 2 -- [](1 + A,~)X~ + (1 -- A~)y,~[] 2 

_< 211x.II 2 + 2Anllx.il 2 + 2(1 - An)Ily.II 2 - 4 --~----x.1 + An + ~ Y " I  - A,~ [2 

<_ 2}[xnll 2 + 211y, I} 2 - I I x n  + y,~ll 2 + 2A, (lIxnl] 2 -IIy,~ll 2) 

The  lemma is proved and this concludes the proof  of Theorem 1. 

Remark: The  infimum formula used for the definition of (f~) in Theo rem 1 is 

closely related to  the  well-known inf-convolution formula of f by nil • 112: 

(20) ( fK] (n[[ . [ [2 ) ) (x ) :=  inf { f ( y ) + n [ I x - y [ [  2} ( n e N ,  x e X ) .  
yEX 

In fact, these two infimum formulas are identical if the norm [[ " [I is a Hilber t ian 

norm, because of the parallelogram identity. However, for a non-Hilber t ian norm 

[[" [! the functions given by the inf-convolution formula cannot  be expressed in 

general as A-convex functions. 

As a corollary of the  above remark,  we have tha t  the formula of Theorem 1 

converges uniformly on X for the case of a Hilbert ian norm ]1" ]1 (since it is well- 

known tha t  the inf-convolution formula of (20) converges uniformly on the whole 

space X,  see ILL]). The  question tha t  natural ly arises is whether  this remains 

t rue  or not  for a general uniformly convex norm. The  answer is given in the 

following proposit ion.  
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PR,OPOSITION 2: Let (X, 11. ]1) be a Banach space. I f  for every Lipschitz function 

f on X the sequence of functions 

f,~(x) := inf { f ( y ) +  n(2lIxH 2 + 21IyH2-IIx + vii2)} 
v E X  

converges to f uniformly on X ,  then the modulus of convexity of the norm [[ - ][ 

is of power type 2. 

Proof of Proposition 2: This uniform convergence property has the following 
consequence analogous to Claim 1.1 and Claim 1.2 and whose proof is identical 

to tha t  of Claim 1.2. 

CLAIM 2.1: I f  (Xn)~eV~ and (Y~)~eN are two sequences (not necessarily bounded) 
in X satisfying l im,~_~ (2 [[xn [[2 +21[y~ [[2 _ ][x~ + y~ I[ 2) = O, then they also verify 

that lim~-~o~ d(ym, (xn)n) : O. 

By Claim 1.2, any norm which satisfies the conclusion of Claim 2.1 is uniformly 

convex. In fact, Claim 2.1 insures tha t  the modulus of convexity of the norm [1" [[ 

is of power type 2. If not (see [HI), there exist two sequences (x~)~eN and (Yn)neN 

such tha t  

(21) 2llx~ll2 + 2lly,dl~ < llx, + y~ll~ + l llx~ - y~ll2, xn C yn, h e N .  
n 

I t  n . - -  

If we take 

in (21) we obtain that  

X n  Y n  

[]x~ - y~]] and v,~ . - -  [[Xn _ Yn][ 

1 
(22) 0 ~ 211u.II 2 + 2llvdl 2 - Ilun + vdl  2 < - > o, 

7Z n ~ o o  

(23) llu~ v~ll = 1. 

Since the norm I[" [[ is uniformly convex and conditions (22) and (23) hold, the 

sequences (un)~ and (v~)~ cannot be bounded. Notice tha t  we have also from 

(22) tha t  lim~-~oo (llunl[- IIv~ll) = 0. Thus, passing to a subsequence we can 
suppose tha t  

sup{llu~ll, IIv~ll} + 1 < min{][U~+l[I, [[V~+l[[} for all n E IN 

(24) ~ I1~ - vmll > I l lun l l -  Ilvmll] > 1 (n # m).  

Assembling (23) and (24) we deduce tha t  d(vm, (u~)~) = 1 (m ~ N). But  Claim 

2.1 and (22) imply tha t  lim,~ d(vm, (un)n) = 0, which is a contradiction. II 
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Theorem 3 below provides a converse to Proposition 2 and an explicit formula 

for uniform approximation of Lipschitz functions by A-convex functions on super- 

reflexive Banach spaces. The validity of this formula depends upon the existence 

in the superreflexive space of an equivalent norm which is sufficiently rotund, 

THEOREM 3: Let (X, ]1' I[) be a Banach space whose norm I[" [[ has its modulus 

of convexity of power type p (79 >_ 2). Then for every Lipschitz function f on X 

the following sequence of A-convex functions 

SPa(X) = inf { : (y )+n(2P- l i ix i I  p +2p- l[ Iy i f  - II x +yllp)} (n E N, x E X) 
yEX 

converges to f uniformly on X .  

Proof of Theorem 3: We essentially need the following lemma to prove the 

result. 

LEMMA 3.1: If  the modulus of convexity of the norm [[. [[ is of power type p 

(p >_ 2), then there exists a positive constant CH.II ~ 1 such that for every pair 

x, y E X the following inequality holds: 

C]I.N fix - y[lP <_ 2p-ll[x]l p + 2p-l[ly][ p _ ][ x + yl]P- 

Proof of Lemma 3.1: Under the assumption of the lemma (see [H]), there exists 

a positive constant C~.II _< 2 such that for every pair u,v  E X we have 

(25) ilu + viiP + [[u - vIIP > 2iluIlP + q . ,  [[viIP. 

The lemma follows from the change of variables 
u T v  u - - v  

x -- and y - 
2 2 

in (25). I 

Given a Lipschitz function f on X, we use the previous Lemma 3.1 and the 
fact that  f~v(x) < f ( x )  (for all x E X and n E N) to obtain the following chain 

of inequalities: 

(26) (f [] (nC,, ,,11. liP)) < fn p _< f (n E N). 

Since p >__ 2, the previous inf-convolution formula in (26) converges to f uniformly 

on X (see [LL]). Therefore, the same is true for (fP)~. For instance, if f is a 

1-Lipschitz function we get the following estimate: 

(__.Z__l ,/(,-,) 
I I f  - .f~ll<>o _< I l l  - ( f  [ ]  (ncIl.II I1' I1"))11~o, < t, nq i . ,  ) " " 

The first consequence that  stems from Theorem 1 is another proof of a result 

due to G. A. Edgar ([E]). 
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COROLLARY 4: Let X be a Banach space with an equivalent locally uniformly 

convex norm. Then the a-i%ids of BoreI sets for the norm and weak topologies 

are the same. 

Proof of Corollary 4: The first part of Theorem 1 affirms that  the existence of 

a locally uniformly convex norm on X implies the following: 

V f:  X --+ IR Lipschitz 3(ca), ,  (d,)~ C Conv(X) such that f = 7~- lim (c,~ - dn). 
n ---~ OO 

Let us check that this property implies the equivalence of the two Borel families, 

Bor(X, I1" II) and Bor(X,w).  Obviously, Bor(X,w) C_ Bor(X, I1" II). To see the 

other inclusion, take F a II [[-closed set of X. Then consider the Lipschitz 

function f(-) = dist(-, F).  Note that the previous property implies that f is 

the pointwise limit of a sequence of w-Borel functions (because every continuous 

convex function is w-lower-semicontinuous). Therefore, f is w-Borel and so F is 

w-Borel. II 

Now, we proceed to state two applications of Theorem 1 and Theorem 3 to the 

study of superreflexive Banach spaces. Actually, we will show in the next section 

that both of them characterize superreflexivity. 

COROLLARY 5: Let X be a superreflexive Banach space. Denote by Cony(X) 

the set of continuous convex functions on X ,  Convb(X) the subset of Cony(X) 

consisting of the functions which are bounded on bounded sets and blCb(X) the 

class of functions on X which are uniformly continuous on bounded sets of X .  

Then 

TM { Convb(X)} = UCb(X). 

Proof of Corollary 5: From Prop. 1.6 of [Phi it follows immediately that  

Convb(X) = Conv(X) n blCb(X) C_ blCb(X). Let us show the Tb-density of the 

A-convex functions in the set ldCb(X). 

Notice that  the set of Lipschitz functions on X is dense in ldCb(X) under the 

topology Tb. This fact can be proved using again the inf-convolution formula. 

More precisely, given f C l~Cb(X ) and bounded on X, ( f  [] (n H • t]))(x) is a 

sequence of Lipschitz functions Tb-converging to f .  Since the bounded functions 

of lgCb(X) are clearly Tb-dense in UCb(X), the density of the Lipschitz functions 

is therefore deduced. 

Thus, the corollary holds if we show that the convex functions {ca, dn},~eN 

obtained in the proof of Theorem 1 are in Convb(X). Clearly, e~(.) = 2hi]. 112 6 

Convb(X) and, as we remarked during the proof of this theorem, dn = c ,  - fn 

is also bounded on bounded sets of X. | 
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COROLLARY 6: Let X be a superreflexive Banach space. With the same 

notations of the previous corollary, one has 

sp~-~o { C o n c h ( X ) }  3 UC(X) 

(where r~ is the topology of uniform convergence on X) .  

Proof of Corollary 6: As we remarked during the proof of the previous 

Corollary 5, the result is proved if we show the %-density of the subset of 

A-convex functions Conch(X) in the set of Lipschitz functions. 

But this follows from Theorem 3 and Pisier's renorming theorem ([Pi]) that  

gives an equivalent norm with modulus of convexity of power type p (for some 

p _> 2) on every superrefiexive Banach space. 

Remark: For a simpler and more geometrical proof of Pisier's theorem we refer 

to  ILl. 

2. T h e  n e g a t i v e  r e su l t s  

In this part, we will show that  the rotundity conditions on the norm needed in 

Theorem 1 cannot be dropped. For instance, even the pointwise convergence fails 

for some Banach spaces, as the following counter-example shows. 

Example 7: There exists a Lipschitz function on go  which cannot be a pointwise 

limit of a sequence of A-convex functions. 

In the article [T], M. Talagrand proved that Bor(g~,w) ~ Bor(g~, I1" II~). 

Taking a I1" I1~ -cl°sed, non-w-Borel set B, the function d(-, B) is a Lipschitz 

function which cannot be the pointwise limit of any sequence of A-convex func- 

tions (since A-convex functions are w-Borel). 

On the other hand, the Tb-density property of the span of Convb(X) in L/Cb is 

a characterization of superreflexivity. This conclusion comes from the following 

theorem. 

THEOREM 8: For any non-superretiexive Banach space X there exists a 

1-Lipschi:z function defined on X such that for every pair {c, d} of continuous, 

bounded on B x ,  convex functions we have  s u p ~ . ~  I f (x )  - (c - d) (x)  I > 1 

Proof of Theorem 8: Our main tool is James' Finite Tree Property (defined in 

[J]). Specifically, we need the following well-known lemma. 



Vol. 106, 1 9 9 8  APPROXIMATION OF LIPSCHITZ FUNCTIONS 281 

1 LEMMA 8.1: Let X be a non-superreflexive Banach space. For any 0 < 0 < 

and any n C N there exists a dyadic (n, O)-tree in the unit ball of X .  

Proof of Lemma 8.1: This lemma follows from the equivalence between the 

superreflexivity and super-Radon-Nikodym properties (see [Sn]). That  means for 

any non-superreflexive Banach space X there exists a dual Banach space failing 

the Radon-Nikodym Property which is finitely representable on X (namely, the 

bidual of one of its ultrapowers (XU)**). The lemma is then deduced from the 

existence of an infinite bounded dyadic tree in any dual Banach space failing the 

Radon Nikodym Property ([Sg]). 

This lemma allow us to construct a convenient sequence of trees in the unit 

ball of X. By "convenient" we understand the following: 

CLAIM 8.2: Let {Pn}ncN be a increasing sequence of positive numbers tending 

to 1. Then there exists a sequence of dyadic trees Tn (n E N) in the unit ball of 

X such that 

(1) T n =  { x : : a C  { -1 ,1}  <n} is a (n, P-~ )-tree. 
1 (2) dist(Tp, _> 

Once the sequence {T~}n of the previous claim is constructed, we define the 

1-Lipschitz function f( .)  = dist(., Un Sn) where S~ = {x~ e T~: I~l is even}. 

Obviously, if x E S~ then f (x )  = 0. On the other hand, the special construction 

of the sequence {Tn} gives that f (x )  >_ p~/2, for x E T~ \ Sn. Let us check that  

f is the function we are looking for. 

If not, there is a pair of continuous convex functions c, d bounded on the unit 

ball of X such that If(x) - ( c -  d)(x)l < 5 < 1, x E B x .  Take n big enough so 

that 5 < p~/4. Now, we proceed to show that f is strictly increasing along one 

of the branches of Tn = {x~} by a two-step algorithmic method. 

First, as f ( x~ )  = 0 we have d(x~) _ c(x~) - 5. Then, using the convexity of 

d, we can find a l  C { -1 ,  1} so that 

(27) d(xn ) > d(x~) > c(x~) - 5. 

n X n But ( c ( x ' ~ ) -  d(X~l)) is 5-close to f ( ~ )  > pn/2, so we conclude from (27) that  

x n Pn (28) c(xn ) >_ f ( ~ )  + d ( x ~ )  - 5 >_ c(x~) + --~ - 25. 

Secondly, appealing this time to the convexity of c, we can choose a2 E { -1 ,  1} 

such that  c(x~,..,~:) > c (xn  ). Using (28), we deduce that 

(29) c(x ~ ) - c ( x ~ )  > pn ~ ' ~  _ - ~  - 2 5  > O. 
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And at this level we can repeat the same process as above. 

Iterating this process n times up to the end of a branch of the tree Tn, we find 

a point x n E Tn that satisfies 
C Z l  1"~. . . f ' , c t  n 

~ ( z  n ~ - ~ ( x ~ )  > c ( x  n I - - c ( z  ~ ) + . . .  + 
- z ' ~  Z 'Xo~ J - -  " o~ ~ ~ " o~ z ' "  " ~ c *  C ~ I  " '*  *z 1 " ' "  n i " ' "  n - - 2  

+ ÷ c xo. o ) cix  ) _> ( - 

As n can be chosen arbitrarily large, this last inequality contradicts the 

boundedness of c in Bx.  I 

Proof of Claim 8.2: First, let us show that we can define a sequence {Tn}~el ~ of 

trees such that  for n E N and the quotient map H,:  X --+ X/span{T1, . . . ,  Tn} one 

gets that H , (T ,+ I )  is a dyadic (n + 1, P"-~2 ~)-tree rooted at 0. By induction, con- 

sider that  T1 , . . . ,  Tn are already defined. Since X is non-superreflexive, the quo- 

tient space X/span{Tl , . . . ,Tn}  is non-superreflexive. So, there exists a dyadic 

0-rooted (n+ l ,  P"2-~)-tree T,+I in X/span{T1, . . . ,  T,}.  Then the tree T~+I which 

we are looking for is simply a lifting of the tree T~+I, 

obtained as follows: take {x~+l: c~ C { -1 ,1}  ~+1} C Bx  in such a way that  

{H~(x~+l): c~ E { -1 ,1}  ~+1} is the set of end points of T~+I; then reconstruct 
l x n + l  l from the t ~ Jl~l=~+l the tree Tn+I as 

x n + l  

This sequence {Tn)~eN does not satisfy the conditions of the claim yet; for 

example, the set of root points {x~} n of the {Tn}ncN might have cluster points. 

However, we can avoid this problem by selecting sub-trees of the trees Tn which 

do not contain these root points. For each n C N, consider 

T~' = {y~: y~ = x ~+1 e T~+I}. 

Let us see that  the special quotient properties of T~'s imply that,  if p # q, then 
• t t 1 dlst(T~, Tq) >_ -~Pmax{p,q)" For q > p positive integers take y~ E Tq and y~ E T~. 

Then we have 

(30) IIq(y~) = n~(~ Xl~.~ )p+I' = 0 = IIq(x q+l) and IIq(y~) = II~(~ Xl~)'q+l' 

Since Hq(Tq+I ) = Tq+l is a dyadic (q + 1, ~ ) - t r e e  rooted at 0 in the quotient 

space X~ span{T1, . . . ,  Tq-1 }, we deduce from (30) that 

Ily~-y~ll > Ilmq(y~-y~)ll > IIIIq(x~ +1) IL( q+x, Pq+l > 1 -- u Xlf. ,  a )  >-- 2 __ -~Pmaxip,q}" I 
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